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Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì âåùåñòâåííîçíà÷íûé âðåìåííîé ðÿä
X = (x1, . . . , xN ), ãäå N � äëèíà ðÿäà.

Çàäà÷à

Ðàçëîæåíèå âðåìåííîãî ðÿäà íà èíòåðïðåòèðóåìûå àääèòèâíûå

ñîñòàâëÿþùèå:

X = S + R,

S � ñèãíàë,

R � øóì.

Ìåòîä: ¾Ãóñåíèöà¿-SSA (Singular Spectrum Analysis).
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Ïîñòàíîâêà çàäà÷è
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Ðèñ.: Ãðàôèê ðÿäà ñ âûäåëÿþùèìñÿ íàáëþäåíèåì è âîññòàíîâëåíèå
ñèãíàëà â ïðèñóòñòâèè âûáðîñà è áåç íåãî.

Çàäà÷à: íåîáõîäèìî èññëåäîâàòü óñòîé÷èâîñòü ìåòîäà SSA ê
âûäåëÿþùèìñÿ íàáëþäåíèÿì, à òàêæå ïðåäëîæèòü áîëåå
óñòîé÷èâûå ìîäèôèêàöèè ìåòîäà.
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Ìåòîä SSA äëÿ âûäåëåíèÿ ñèãíàëà ðàíãà r

Ðÿä X = (x1, . . . , xN ).
Ïóñòü 0 < L < N � äëèíà îêíà. K = N − L+ 1.
Îáîçíà÷èìM � ïðîñòðàíñòâî ìàòðèö L×K,
MH � ïðîñòðàíñòâî ãàíêåëåâûõ ìàòðèö L×K,
Mr � ìíîæåñòâî ìàòðèö ðàíãà, íå ïðåâîñõîäÿùåãî r.

Ðÿä X 7→ òðàåêòîðíàÿ ìàòðèöà X:

X = [X1 : . . . : XK ] =


x1 x2 x3 . . . xK
x2 x3 x4 . . . xK+1

x3 x4 x5 . . . xK+2
...

...
...

. . .
...

xL xL+1 xL+2 . . . xN

 .
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Ìåòîä SSA äëÿ âûäåëåíèÿ ñèãíàëà ðàíãà r

Îïåðàòîð âëîæåíèÿ T : RN →MH : T (X) = X.

Πr :M→Mr � ïðîåêòîð íà ìíîæåñòâî ìàòðèö ðàíãà, íå
ïðåâîñõîäÿùåãî r.

ΠH :M→MH � ïðîåêòîð íà ïðîñòðàíñòâî ãàíêåëåâûõ
ìàòðèö.

Ñòðóêòóðà ñèãíàëà S: ðàíã òðàåêòîðíîé (ãàíêåëåâîé) ìàòðèöû
T (S) ðàâíÿåòñÿ r.

Ïîëó÷àåì îöåíêó ñèãíàëà:

S̃ = T −1ΠHΠrT (X),

ãäå ïðîåêòîðû ìîæíî ñòðîèòü ïî ðàçëè÷íûì íîðìàì.
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Âèä ïðîåêòîðîâ ïî íîðìå â L2

Îïðåäåëåíèå

Ïóñòü A � ìàòðèöà m× n.
Íîðìà â ïðîñòðàíñòâå L2 (íîðìà Ôðîáåíèóñà):

‖A‖F =

√
m∑
i=1

n∑
j=1

a2ij .

ΠH � ïðîåêòîð íà ïðîñòðàíñòâî ãàíêåëåâûõ ìàòðèö ïî
íîðìå Ôðîáåíèóñà ïîñðåäñòâîì óñðåäíåíèÿ ýëåìåíòîâ íà
äèàãîíàëÿõ i+ j = const: ‖X−Y‖2F −→ min

Y∈MH
.

Πr � ïðîåêòîð íà ìíîæåñòâî ìàòðèö ðàíãà r ïî íîðìå

Ôðîáåíèóñà: ‖X−Y‖2F −→ min
Y∈Mr

, Y =
r∑

i=1

√
λiUiV

T
i .
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Âèä ïðîåêòîðîâ ïî íîðìå â L1

Îïðåäåëåíèå

Ïóñòü A � ìàòðèöà m× n.
Íîðìà â ïðîñòðàíñòâå L1 : ‖A‖1 =

∑
i,j
|aij |.

Çàìå÷àíèå

Òàê êàê argmin
a

E|ξ − a| = med ξ, òî ΠH ñòðîèòñÿ ïîñðåäñòâîì

âûáîðà ìåäèàíû çíà÷åíèé íà äèàãîíàëÿõ i+ j = const.

Äëÿ ïîñòðîåíèÿ ïðîåêòîðà íà ìíîæåñòâî ìàòðèö ðàíãà r â L1

èìååòñÿ íåñêîëüêî ìåòîäîâ:

1 Ïîñëåäîâàòåëüíûé ìåòîä;

2 Ìåòîä ñ ðåãóëÿðèçàöèåé;

3 Ðåãðåññèîííûé ìåòîä (øàã ïîñëåäîâàòåëüíîãî ìåòîäà).
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L1-SSA. Ðåàëèçàöèÿ. Ïîñëåäîâàòåëüíûé ìåòîä

Â R-ïàêåòå pcaL1 èìååòñÿ ðåàëèçàöèÿ ïîñëåäîâàòåëüíîãî
ìåòîäà ðåøåíèÿ çàäà÷è ‖X−UVT‖21 −→ min

U,V
, UTU = Ir.

Àëãîðèòì l1pca [Jot et al., 2017]:

1 Èíèöèàëèçàöèÿ V(0) ∈ Rr×n.

2 t := t+ 1.

3 U(t) = argmin
U∈Rm×r

||X−UVT(t− 1)||1.

4 V(t) = argmin
V∈Rr×n

||X−U(t)VT||1.

5 if V(t) 6= V(t− 1) then Go to Step 2
else V := V(t);U := U(t).

Ðåøàåì çàäà÷ó, ìåíÿÿ íà êàæäîé èòåðàöèè U è V è ðàçáèâàÿ
èñõîäíóþ çàäà÷ó íà ëèíåéíûå ïîäçàäà÷è.
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L1-SSA. Ðåàëèçàöèÿ. Ìåòîä ñ ðåãóëÿðèçàöèåé

Çàäà÷à: ‖X−UVT‖21 −→ min
U,V

, UTU = Ir.

Îïðåäåëåíèå

Ââåäåì íîðìó ‖E‖∗ =
∑
i
µi, ãäå µi � ñèíãóëÿðíûå ÷èñëà

ìàòðèöû E.

Çàìå÷àíèå

1 ‖E‖∗ � âûïóêëàÿ.

2 Ïóñòü E = UVT. Òîãäà ‖E‖∗ = ‖V‖∗, ò.ê. UTU = Ir.

Ïåðåõîäèì ê çàäà÷å:
‖X−UVT‖21 + λ‖V‖∗ −→ min

U,V
, UTU = Ir.

Ìåòîä áûë âçÿò èç ñòàòüè [Zheng, Liu, Sugimoto et al., 2012].
Ðåàëèçàöèÿ ñ èñïðàâëåíèÿìè � ñîáñòâåííàÿ.
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Ýòàïû èññëåäîâàíèÿ

Ñðàâíåíèå ñòàíäàðòíîãî ìåòîäà L2-SSA ñ ðàçëè÷íûìè
ïàðàìåòðàìè, åãî ìîäèôèêàöèè (SSA c öåíòðèðîâàíèåì) è
òðåóãîëüíîãî ôèëüòðà (ôèëüòðà Áàðòëåòòà).

Ñðàâíåíèå âàðèàíòà L2SVD-L1H-SSA c ïðîåêòîðîì íà
ïðîñòðàíñòâî ãàíêåëåâûõ ìàòðèö â L1 ñ ìåòîäîì L2-SSA.

Ñðàâíåíèå ðàçëè÷íûõ ñïîñîáîâ ïîñòðîåíèÿ ïðîåêòîðà â L1

íà ìíîæåñòâî ìàòðèö ðàíãà, íå ïðåâîñõîäÿùåãî r, ìåæäó
ñîáîé, à òàêæå ñðàâíåíèå èõ ñ áàçîâûì ìåòîäîì L2-SSA.
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Ñâÿçü ìåòîäà L2-SSA ñ ëèíåéíûìè ôèëüòðàìè.

Èçâåñòíî (Øëåìîâ, 2011; Golyandina, Zhigljavsky, 2013):

Ðåçóëüòàò âîññòàíîâëåíèÿ ñèãíàëà ìåòîäîì L2-SSA
ñâîäèòñÿ ê ïðèìåíåíèþ ñèñòåìû ëèíåéíûõ ôèëüòðîâ.

Ìîäèôèêàöèÿ SSA ñ öåíòðèðîâàíèåì (ñîâïàäàåò ñ
ìåòîäîì ñ ïðîåêöèåé íà âåêòîð èç åäèíèö) òàêæå
ïðåäñòàâèìà â âèäå ñèñòåìû ëèíåéíûõ ôèëüòðîâ.

Óòâåðæäåíèå

Êîýôôèöèåíòû ôèëüòðà, êîòîðîìó ñîîòâåòñòâóåò ìåòîä SSA c

ïðîåêöèåé íà âåêòîð (1, . . . , 1)T ñ âîññòàíîâëåíèåì ïî

êîìïîíåíòå, ñîîòâåòñòâóþùåé ïðîåêöèè, â òî÷êå x̃m, ãäå
1 ≤ m ≤ L− 1:(

1

(m+ 1)L
,

2

(m+ 1)L
, . . . ,

1

L
, . . . ,

1

L
, . . . ,

2

(m+ 1)L
,

1

(m+ 1)L

)
.
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Ñâÿçü ìåòîäà L2-SSA ñ ëèíåéíûìè ôèëüòðàìè

Óòâåðæäåíèå

Âîññòàíîâëåíèå ìåòîäîì SSA ñ ïðîåêöèåé íà ïîäïðîñòðàíñòâî,

íàòÿíóòîå íà âåêòîð (1, . . . , 1)T, ïî êîìïîíåíòå,

ñîîòâåòñòâóþùåé ïðîåêöèè, ñîâïàäàåò ñ ïðèìåíåíèåì ôèëüòðà

Áàðòëåòòà ñ äëèíîé îêíà, ðàâíîé 2L− 1 ïðè L ≤ s ≤ K.

Êîýôôèöèåíòû ìåòîäà SSA ñ ïðîåêöèåé íå ñîâïàäàþò ñ
êîýôôèöèåíòàìè ôèëüòðà Áàðòëåòòà ïðè 1 ≤ m ≤ L− 1 è
K + 1 ≤ m ≤ N .
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Ðèñ.: Êîýôôèöèåíòû ôèëüòðà Áàðòëåòòà è SSA ñ ïðîåêöèåé â x̃2.
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Îïèñàíèå âû÷èñëèòåëüíîãî ýêñïåðèìåíòà

Ïóñòü äëèíà ðÿäà N = 240. Ðàññìîòðèì âðåìåííîé ðÿä

xn = en/N + sin (2πn/120 + π/6) + εn, εn ∼ N(0, 1),

yn0 = xn0 + δ.

Âûäåëÿþùèåñÿ íàáëþäåíèÿ íàõîäÿòñÿ â òî÷êàõ x5 èëè x130.
Ñðàâíåíèÿ ïðîâîäÿòñÿ ïî âåëè÷èíå îøèáêè, ñîãëàñîâàííîé ñ L2

(MSE), è îøèáêè, ñîãëàñîâàííîé ñ L1 (MAD):

MSE(S̃, S) = E

(
1

N

N∑
i=1

(s̃i − si)2
)
,MAD(S̃, S) = E

(
1

N

N∑
i=1

|s̃i − si|

)
,

ãäå S � ñèãíàë, S̃ � îöåíêà ñèãíàëà. Áóäåì âû÷èñëÿòü
RMSE =

√
MSE. ×èñëî ïîâòîðîâ äëÿ îöåíîê îøèáîê M = 100.
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Âû÷èñëèòåëüíûå ýêñïåðèìåíòû (L2-SSA)

Ñðàâíèâàëèñü ñëåäóþùèå ìåòîäû:

Ïîëíîå âûäåëåíèå ñèãíàëà, r ðàâíî ðàíãó ñèãíàëà

ìåòîä SSA c L = 120, r = 3 (ëó÷øàÿ îòäåëèìîñòü îò øóìà)
ìåòîä SSA c L = 30, r = 3 (îòäåëèìîñòü õóæå)

Ïîõîæèå ìåæäó ñîáîé ìåòîäû

ìåòîä SSA c L = 30, r = 1 (ñðåäíèé âàðèàíò ìåæäó
ðàçäåëèìîñòüþ è ñãëàæèâàíèåì)
ìåòîä SSA ñ ïðîåêöèåé íà âåêòîð (1, . . . , 1)T, L = 30
ôèëüòð Áàðòëåòòà ñ äëèíîé îêíà 2L− 1, ãäå L = 30

Ñãëàæèâàíèå

ìåòîä SSA c L = 10, r = 1
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Îøèáêà L2-SSA â çàâèñèìîñòè îò ðàçìåðà âûáðîñà

δ (RMSE) SSA120.3 SSA30.3 SSA30.1 SSAProj Bartl SSA10.1

0 0.018 0.027 0.139 0.143 0.136 0.034
9130 0.886 0.760 0.547 0.544 0.542 0.804
95 0.366 1.810 0.298 0.310 0.552 0.921
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Ðèñ.: Çàâèñèìîñòü MSE îò ðàçìåðà âûáðîñà, íàõîäÿùåãîñÿ â òî÷êå
x130. Äëèíà ðÿäà N = 240.

15/18 Òðåòüÿêîâà Àëåêñàíäðà Ëåîíèäîâíà, ãð. 422 Óñòîé÷èâûå âàðèàíòû ìåòîäà SSA



Ñðàâíåíèå òðåõ âàðèàíòîâ L1-SSA ìåæäó ñîáîé è ñ
ìåòîäîì L2-SSA

δ (RMSE)
L1-SSA L2-SSA

pcaL1 ALM L1-regr SSA120.3

0 0.021 0.019 0.022 0.018
9130 0.022 0.020 0.064 0.886
95 0.024 0.023 0.031 0.366

δ (MAD) pcaL1 ALM L1-regr SSA120.3

0 0.016 0.009 0.019 0.013
9130 0.021 0.010 0.031 0.751
95 0.016 0.010 0.030 0.132

Ëó÷øèìè ìåòîäàìè îêàçûâàþòñÿ:
Ïðè îòñóòñòâèè âûáðîñîâ, RMSE: ìåòîä L2-SSA,

MAD: L1-SSA ñ ðåãóëÿðèçàöèåé.
Â ïðèñóòñòâèè âûáðîñîâ, RMSE è MAD: ìåòîä L1-SSA ñ
ðåãóëÿðèçàöèåé.

16/18 Òðåòüÿêîâà Àëåêñàíäðà Ëåîíèäîâíà, ãð. 422 Óñòîé÷èâûå âàðèàíòû ìåòîäà SSA



Ðàçëîæåíèå MSE â ñóììó äèñïåðñèè è êâàäðàòà
ñìåùåíèÿ ïðè ðàçíîé äëèíå îêíà

MSE(S̃, S) = Var(S̃) + (Bias(S̃, S))2.

Áåç âûäåëÿþùåãîñÿ íàáëþäåíèÿ îñíîâíóþ ÷àñòü MSE ìåòîäîâ
L2-SSA è L1-SSA ñîñòàâëÿåò äèñïåðñèÿ.

L Var (L2) Bias2 (L2) Var (L1) Bias2 (L1)

10 0.0021 3.2e-05 0.0017 0.0003
120 0.0003 1.9e-06 0.0004 0.0001

Â ïðèñóòñòâèè âûáðîñà â òî÷êå x130 îñíîâíóþ ÷àñòü MSE
âîññòàíîâëåíèÿ ìåòîäîì L2-SSA ñîñòàâëÿåò ñìåùåíèå. Îäíàêî
äëÿ L1-SSA îñíîâíóþ ÷àñòü îøèáêè ñîñòàâëÿåò äèñïåðñèÿ.

L Var130 (L2) Bias2130 (L2) Var130 (L1) Bias2130 (L1)

10 0.0061 0.0255 0.0027 0.0003
120 0.0003 0.0054 0.0003 0.0001
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Ðåçóëüòàòû

Ïðîâåäåíî òåîðåòè÷åñêîå ñðàâíåíèå ìåòîäà SSA ñ
ïðîåêöèåé è ôèëüòðà Áàðòëåòòà.

Ïðîâåäåíî ñðàâíåíèå ìåòîäà L2-SSA è åãî ìîäèôèêàöèé.
Ïîñòðîåíû ðåêîìåíäàöèè ïî âûáîðó ïàðàìåòðîâ ìåòîäà
ïðè ðàçíîé âåëè÷èíå âûáðîñà.

Ðàññìîòðåí ïðîìåæóòî÷íûé âàðèàíò L2SVD-L1H-SSA,
îäíàêî ýôôåêòà óñòîé÷èâîñòè íå âûÿâëåíî.

Ðàññìîòðåí ìåòîä L1-SSA, óñòîé÷èâûé ê âûáðîñàì.
Íàéäåíû è ÷àñòè÷íî ñàìîñòîÿòåëüíî ðåàëèçîâàíû ìåòîäû
ïðîåêöèè â L1 íà ìíîæåñòâî ìàòðèö ðàíãà, íå
ïðåâîñõîäÿùåãî r.

Ïðîâåäåíû ÷èñëåííûå ýêñïåðèìåíòû, â êîòîðûõ âûÿâëåíà
ñàìàÿ òî÷íàÿ è óñòîé÷èâàÿ ðåàëèçàöèÿ ìåòîäà L1-SSA
(ïðîáëåìà: ìåäëåííàÿ ðåàëèçàöèÿ).
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