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Ðåãðåññèîííàÿ ìîäåëü

Ðàññìîòðèì ðåãðåññèîííóþ ìîäåëü:

yi = η(xi,Θ) + εi, i = 1, . . . , n,Θ ∈ Ω ⊂ Rm

ãäå:

η(xi,Θ) � ôóíêöèÿ, èçâåñòíàÿ ñ òî÷íîñòüþ äî âåêòîðà ïàðàìåòðîâ;

Θ = (θ1, . . . , θm)T;

Ω � êîìïàêòíîå ìíîæåñòâî â Rm;
x1, . . . , xn � âõîäíûå äàííûå;

yi, . . . , yn � ñèãíàëû íà âûõîäå;

εi � íåçàâèñèìûå îäèíàêîâî ðàñïðåäåëåííûå ñëó÷àéíûå âåëè÷èíû
òàêèå, ÷òî Eεi = 0, Dεi = σ2.

Çàäà÷è

Âûáîð îäíîé èç äâóõ êîíêóðèðóþùèõ ðåãðåññèîííûõ ìîäåëåé,

Îöåíêà ïàðàìåòðîâ âûáðàííîé ìîäåëè.
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Ðåãðåññèîííàÿ ìîäåëü: çàäà÷è

Ðàññìîòðèì äâà êëàññà ìîäåëåé:

η1(x,Θ1) = θ0,1 + θ1,1x+ . . .+ θn,1x
n,

η2(x,Θ2) = θ0,2 + θ1,2x+ . . .+ θn,2x
n +

∑k
i=1

θn+i

x− θi+n+k
,

x ∈ X = [0, d], θi+n+k > d ∀i
Âîçíèêàþò äâå çàäà÷è:

1 Îöåíêà ïàðàìåòðîâ

ÌÍÊ-îöåíêà

n∑
j=1

(ηi(xj ,Θi)− yj)2 → min
Θ
, i = 1, 2

2 Çàäà÷à äèñêðèìèíàöèè:
η1(x,Θ1) ¾âëîæåíà¿ â η2(x,Θ2)
Çàäà÷à ïðîâåðêè ãèïîòåçû

H0 : (θn+1, . . . , θn+k) = (0, . . . , 0)

Ïðîòèâ àëüòåðíàòèâû

H1 : (θn+1, . . . , θn+k) 6= (0, . . . , 0).
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Ïëàíèðîâàíèå ýêñïåðèìåíòà

Îïðåäåëåíèå

Ïëàí ýêñïåðèìåíòà � äèñêðåòíàÿ âåðîÿòíîñòíàÿ ìåðà

ξ =

(
x1 . . . xn
ω1 . . . ωn

)
, xi ∈ X , i = 1, . . . , n,

ãäå X � ìíîæåñòâî ïëàíèðîâàíèÿ, ωi ≥ 0,
∑n
i=1 ωi = 1, ωi � âåñîâûå

êîýôôèöèåíòû, n � ÷èñëî òî÷åê â ïëàíå.

Åñëè íóæíî âûïîëíèòü N èçìåðåíèé, â îïîðíûõ òî÷êàõ ïëàíà ðåàëèçóåòñÿ
ïðèìåðíî Nwi âû÷èñëåíèé.

Èíôîðìàöèîííàÿ ìàòðèöà

M(ξ,Θ) =

∫
X
f(x,Θ)fT(x,Θ)ξ(dx) =

(
M11(ξ,Θ) M12(ξ,Θ)
M21(ξ,Θ) M22(ξ,Θ)

)
,

ãäå

fT(x,Θ) = (f1, . . . , fm), fi(x,Θ) =
∂η(x,Θ)

∂θi
.

Ms(ξ,Θ) = M22(ξ,Θ)−XTM11(ξ,Θ)X,

ãäå X � ëþáîå ðåøåíèå ìàòðè÷íîãî óðàâíåíèÿ M11(ξ,Θ)X = M12(ξ,Θ).
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Ïëàíèðîâàíèå ýêñïåðèìåíòà

D-êðèòåðèé

Ïëàí ξ∗, ìàêñèìèçèðóþùèé detM(ξ,Θ) ïðè Θ = Θ0, íàçûâàåòñÿ
ëîêàëüíî D-îïòèìàëüíûì.

Ds-êðèòåðèé

Ïëàí ξ∗, ìàêñèìèçèðóþùèé detMs(ξ,Θ) ïðè Θ = Θ0, íàçûâàåòñÿ
ëîêàëüíî Ds-îïòèìàëüíûì.

Çàìå÷àíèå [Êàðëèí, Ñòàääåí, 1976]

detMs(ξ,Θ) =
detM(ξ,Θ)

detM11(ξ,Θ)

Ýôôåêòèâíîñòü

E�(ξ) =
m
√

det Φ(ξ,Θ)
m
√

det Φ(ξ∗,Θ)
,

ãäå Φ � íåêîòîðûé êðèòåðèé îïòèìàëüíîñòè, m � êîëè÷åñòâî
îöåíèâàåìûõ ïàðàìåòðîâ, ξ∗ � îïòèìàëüíûé ïëàí â ñìûñëå êðèòåíèÿ Φ
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Ïîñòàíîâêà çàäà÷è

Çàäà÷à

Ïîñòðîåíèå ïëàíà ýêñïåðèìåíòà, êîòîðûé ïîçâîëèò ýôôåêòèâíî ðåøèòü
äâå çàäà÷è îäíîâðåìåííî:

Âûáîð îäíîé èç äâóõ ðåãðåññèîííûõ ìîäåëåé,

Îöåíêà ïàðàìåòðîâ âûáðàííîé ìîäåëè.

Ìàêñèìèííàÿ ïîñòàíîâêà:

ξopt = arg max
ξ

min


m
√

detM(ξ,Θ)
m
√

detM(ξpol,Θ)
,

m
√

detM(ξ,Θ)
m
√

detM(ξrat,Θ)
,

s

√
detMn(ξ,Θ)

detMs(ξ,Θ)

s

√
detMn(ξs,Θ)

detMs(ξs,Θ)

 ,

ãäå ξpol � D-îïòèìàëüíûé ïëàí äëÿ ïîëèíîìèàëüíîé ìîäåëè, ξrat � äëÿ
äðîáíî-ðàöèîíàëüíîé, ξs � óñå÷åííûé D-îïòèìàëüíûé ïëàí.
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Êîìïðîìèññíûå ïëàíû

Ðàññìàòðèâàåìûå ìîäåëè:

η1(x,Θ1) = θ0,1 + θ1,1x+ . . .+ θn,1x
n, (1)

η2(x,Θ2) = θ0,2 + θ1,2x+ . . .+ θn,2x
n +

k∑
i=1

θn+i

x− θi+n+k
, (2)

X = [0, d], θi+n+k > d.
Îáîçíà÷èì M1 èíôîðìàöèîííóþ ìàòðèöó äëÿ ìîäåëè (1), à M2 �
èíôîðìàöèîííóþ ìàòðèöó ìîäåëè (2).

Âûïóêëàÿ êîìáèíàöèÿ [Cook, Wong, 1994]

Ψα(ξ,Θ) = (1− α) ln
detM2(ξ,Θ)

detM1(ξ,Θ)
+ α ln(detM1(ξ,Θ))→ max

ξ
.

Ïëàí ξ∗α, ìàêñèìèçèðóþùèé Ψα(ξ,Θ) ïðè Θ = Θ0 áóäåì íàçûâàòü
ëîêàëüíî Ψα-îïòèìàëüíûì, èëè êîìïðîìèññíûì.

Òðè ÷àñòíûõ ñëó÷àÿ:

α = 0: óñå÷åííûé D-îïòèìàëüíûé ïëàí;

α =
1

2
: D-îïòèìàëüíûé ïëàí äëÿ ïîëíîé ìîäåëè;

α = 1: D-îïòèìàëüíûé ïëàí äëÿ ïîëèíîìèàëüíîé ìîäåëè.
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Êîìïðîìèññíûå ïëàíû: îñíîâíûå ðåçóëüòàòû

Òåîðåìà (Ýêâèâàëåíòíîñòè)

dα(x, ξ) = αd1(x, ξ) + (1− α)ds(x, ξ),

ãäå d1(x, ξ) = fT
1 (x)M−1

1 (ξ)f1(x),
ds(x, ξ) = fT(x)M−1

2 (ξ)f(x)− fT
1 (x)M−1

1 (ξ)f1(x).
Äëÿ ëþáîãî α ∈ [0, 1] ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

1 Ïëàí ξ∗ ëîêàëüíî Ψα- îïòèìàëüíûé;

2 maxx dα(x, ξ∗) = (n+ 1)α+ 2k(1− α);

Êðîìå òîãî, ñóùåñòâóåò åäèíñòâåííûé ëîêàëüíî Ψγ-îïòèìàëüíûé ïëàí.
Îí ñîñðåäîòî÷åí â n+ 2k + 1 òî÷êàõ, ïðè÷åì êîíöû îòðåçêà 0 è d
ÿâëÿþòñÿ îïîðíûìè òî÷êàìè ïëàíà.

Òåîðåìà

Ñóùåñòâóåò åäèíñòâåííîå α ∈ [0, 1], òàêîå, ÷òî ξα = ξopt � ðåøåíèå
ìàêñèìèííîé çàäà÷è, ãäå ξα = Ψα-îïòèìàëüíûé ïëàí.
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×èñëåííîå ïîñòðîåíèå ïëàíîâ äëÿ n = 1,2

Ðàññìîòðèì ìîäåëè

η1(x,Θ1) = θ0,1 + θ1,1x+ . . .+ θn,1x
n,

η2(x,Θ2) = θ0,2 + θ1,2x+ . . .+ θn,2x
n +

θn+1

x− θn+2
,

äëÿ ñëó÷àåâ n = 1, 2. Ïîëîæèì X = [0, 1], θ0
n+2 = 5.

Êîìïðîìèññíûé ïëàí äëÿ ëèíåéíîé ìîäåëè èìååò âèä

ξ∗α =

(
0 x∗2 x∗3 1
ω1 ω2 ω3 ω4

)
.

Êîìïðîìèññíûé ïëàí äëÿ êâàäðàòè÷íîé ìîäåëè èìååò âèä

ξ∗α =

(
0 x∗2 x∗3 x∗4 1
ω1 ω2 ω3 ω4 ω5

)
.

Çàäà÷à ïîñòðîåíèÿ êîìïðîìèññíîãî ïëàíà ïðåäñòàâëÿåò ñîáîé âåêòîðíóþ
îïòèìèçàöèþ ôóíêöèèΨα(ξ) = Ψα(x2, . . . , xn+1, ω1, . . . , ωn+2).
Ïîñòðîåíèå êîìïðîìèññíûõ ïëàíîâ ðåàëèçîâàíî íà ÿçûêå R ïðè ïîìîùè
ìåòîäà Nelder-Mead (ïàêåò nloptr).

9/18 Ñòðàøêî Âëàäèñëàâ Àëåêñååâè÷, ãð. 422 Êîìïðîìèññíûå ïëàíû äëÿ äðîáíî-ðàöèîíàëüíûõ ìîäåëåé



n = 1

Òàáëèöà: Êîìïðîìèññíûå ïëàíû ïðè ðàçëè÷íûõ çíà÷åíèÿõ α äëÿ ëèíåéíîé
ìîäåëè

α x1 x2 x3 x4 w1 w2 w3 w4

0 0 0.329 0.736 1 0.191 0.301 0.299 0.209
0.15 0 0.324 0.739 1 0.203 0.291 0.288 0.217
0.3 0 0.318 0.744 1 0.219 0.278 0.275 0.228
0.45 0 0.31 0.750 1 0.241 0.258 0.257 0.243
0.5 0 0.304 0.755 1 0.25 0.25 0.25 0.25
0.6 0 0.3 0.759 1 0.272 0.229 0.232 0.267
0.75 0 0.287 0.773 1 0.319 0.183 0.192 0.305
0.9 0 0.268 0.796 1 0.401 0.101 0.115 0.383
1 0 0.033 0.976 1 0.5 0 0 0.5

10/18 Ñòðàøêî Âëàäèñëàâ Àëåêñååâè÷, ãð. 422 Êîìïðîìèññíûå ïëàíû äëÿ äðîáíî-ðàöèîíàëüíûõ ìîäåëåé



n = 1: ñðàâíåíèå ýôôåêòèâíîñòè

Òàáëèöà: Ýôôåêòèâíîñòü
êîìïðîìèññíûõ ïëàíîâ
îòíîñèòåëüíî ðàçëè÷íûõ
êðèòåðèåâ îïòèìàëüíîñòè

α rational linear truncated

0 0.974 0.705 1
0.15 0.984 0.721 0.998
0.3 0.993 0.740 0.990
0.45 0.999 0.764 0.970
0.5 1 0.774 0.959
0.6 0.996 0.798 0.924
0.73 0.971 0.838 0.836
0.9 0.803 0.920 0.521
1 0.0003 1 0.0005

Ðèñ.: Ýôôåêòèâíîñòü êîìïðîìèññíûõ
ïëàíîâ ïðè ðàçëè÷íûõ α îòíîñèòåëüíî
D-îïòèìàëüíîãî äëÿ ëèíåéíîé ìîäåëè,
D-îïòèìàëüíîãî ïëàíà äëÿ
äðîáíî-ðàöèîíàëüíîé ìîäåëè,
óñå÷åííîãî D-îïòèìàëüíîãî ïëàíà
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n = 2

Òàáëèöà: Êîìïðîìèññíûå ïëàíû äëÿ ðàçëè÷íûõ α äëÿ êâàäðàòè÷íîé ìîäåëè

α x1 x2 x3 x4 x5 w1 w2 w3 w4 w5

0 0 0.193 0.533 0.838 1 0.134 0.251 0.2 0.263 0.152
0.15 0 0.191 0.532 0.840 1 0.149 0.241 0.199 0.249 0.162
0.3 0 0.188 0.531 0.842 1 0.169 0.227 0.197 0.231 0.176
0.45 0 0.188 0.529 0.843 1 0.191 0.208 0.198 0.209 0.194
0.5 0 0.189 0.528 0.843 1 0.2 0.2 0.2 0.2 0.2
0.6 0 0.191 0.526 0.843 1 0.219 0.181 0.205 0.179 0.216
0.75 0 0.199 0.522 0.841 1 0.253 0.143 0.22 0.137 0.247
0.9 0 0.219 0.513 0.835 1 0.297 0.079 0.261 0.072 0.291
1 0 0.033 0.5 0.6 1 0.333 0 0.333 0 0.333
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n = 2: ñðàâíåíèå ýôôåêòèâíîñòè

Òàáëèöà: Ýôôåêòèâíîñòü
êîìïðîìèññíûõ ïëàíîâ
îòíîñèòåëüíî ðàçëè÷íûõ
êðèòåðèåâ îïòèìàëüíîñòè

α rational quadratic trunc

0 0.965 0.748 1
0.15 0.979 0.769 0.996
0.3 0.991 0.791 0.983
0.45 0.999 0.817 0.954
0.5 1 0.827 0.939
0.6 0.996 0.849 0.895
0.65 0.99 0.86 0.86
0.75 0.964 0.888 0.772
0.9 0.824 0.944 0.475
1 0.037 1 0.0001

Ðèñ.: Ýôôåêòèâíîñòü êîìïðîìèññíûõ
ïëàíîâ ïðè ðàçëè÷íûõ α îòíîñèòåëüíî
D-îïòèìàëüíîãî äëÿ êâàäðàòè÷íîé
ìîäåëè, D-îïòèìàëüíîãî ïëàíà äëÿ
äðîáíî-ðàöèîíàëüíîé ìîäåëè,
óñå÷åííîãî D-îïòèìàëüíîãî ïëàíà
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Âëèÿíèå íà÷àëüíîãî ïðèáëèæåíèÿ

η1(x,Θ1) = θ0,1 + θ1,1x+ . . .+ θn,1x
n,

η2(x,Θ2) = θ0,2 + θ1,2x+ . . .+ θn,2x
n +

θn+1

x− θn+2
,

Êîìïðîìèññíûå ïëàíû ÿâëÿþòñÿ ëîêàëüíî îïòèìàëüíûìè.

ξ∗ = ξ∗(θ0
n+2), ãäå θ0

n+2 � íà÷àëüíîå ïðèáëèæåíèå θn+2;

Çàôèêñèðóåì θn+2;

íàéäåì êîìïðîìèññíûå ïëàíû ïðè ðàçëè÷íûõ θ0
n+2, âû÷èñëèì

ýôôåêòèâíîñòè.
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Âëèÿíèå íà÷àëüíîãî ïðèáëèæåíèÿ: n = 1

Ïóñòü θ3 = 5, θ0
3 ∈ [1.5, 10].

Ðèñ.: Çàâèñèìîñòü ýôôåêòèâíîñòè ìàêñèìèííîãî ïëàíà îò íà÷àëüíîãî
ïðèáëèæåíèÿ θ0

3 äëÿ ëèíåéíîé ìîäåëè ïðè èñòèííîì çíà÷åíèè ðàâíîì 5

15/18 Ñòðàøêî Âëàäèñëàâ Àëåêñååâè÷, ãð. 422 Êîìïðîìèññíûå ïëàíû äëÿ äðîáíî-ðàöèîíàëüíûõ ìîäåëåé



Âëèÿíèå íà÷àëüíîãî ïðèáëèæåíèÿ: n = 2

Ïóñòü θ4 = 5, θ0
4 ∈ [1.5, 6.5].

Ðèñ.: Çàâèñèìîñòü ýôôåêòèâíîñòè ìàêñèìèííîãî ïëàíà îò íà÷àëüíîãî
ïðèáëèæåíèÿ θ0

4 äëÿ êâàäðàòè÷íîé ìîäåëè ïðè èñòèííîì çíà÷åíèè ðàâíîì 5
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Çàêëþ÷åíèå

Èòîãè:

Ïðåäëîæåí êîìïðîìèññíûé êðèòåðèé îïòèìàëüíîñòè, äîêàçàíà
òåîðåìà ýêâèâàëåíòíîñòè;

Äîêàçàíî óòâåðæäåíèå î òîì, ÷òî ðåøåíèå ìàêñèìèííîé çàäà÷è
ñîäåðæèòñÿ â êëàññå êîìïðîìèññíûõ ïëàíîâ;

×èñëåííî ïîñòðîåíû ïëàíû äëÿ n = 1, 2, k = 1 è òàêæå èññëåäîâàíû
ïîêàçàòåëè ýôôåêòèâíîñòè;

Èññëåäîâàíî âëèÿíèå íà÷àëüíîãî ïðèáëèæåíèÿ íà ýôôåêòèâíîñòü.
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