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Ïîñòàíîâêà çàäà÷è

Â âûïóñêíîé ðàáîòå ðàññìàòðèâàëàñü çàäà÷à âû÷èñëåíèÿ
öåíû åâðîïåéñêîãî îïöèîíà â ñëó÷àå, êîãäà öåíà áàçîâîãî
àêòèâà îïèñûâàåòñÿ ÑÄÓ.

Â õîäå ðàáîòû áûë èçó÷åí Ìíîãîóðîâíåâûé ìåòîä
Ìîíòå-Êàðëî, ïðåäëîæåíà ìîäèôèêàöèÿ, óìåíüøàþùàÿ
âû÷èñëèòåëüíóþ ñëîæíîñòü ìåòîäà ïî ñðàâíåíèþ ñî
ñòàíäàðòíûì Ìíîãîóðîâíåâûì ÌÌÊ áëàãîäàðÿ
èñïîëüçîâàíèþ êâàçèñëó÷àéíûõ ÷èñåë.

Íà îñíîâàíèè ìîäèôèêàöèè íàïèñàíû ïðîãðàììû,
ïðîâåäåíû âû÷èñëèòåëüíûå ýêñïåðèìåíòû.
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Ìíîãîóðîâíåâûé ìåòîä Ìîíòå-Êàðëî

Áóäåì èñêàòü ñòîèìîñòü îïöèîíà E(Y ) = E(F (S(T ))) ñ
ïîìîùüþ Ŷ :

Ŷ =

L∑
l=0

Ŷl,

ãäå

Ŷ0 =
1

N0

N0∑
i=1

P̂ i0 =
1

N0

N0∑
i=1

∆P̂ i0,

è

Ŷl =
1

Nl

Nl∑
i=1

(P̂ il − P̂
i
l−1) =

1

Nl

Nl∑
i=1

∆P̂ il .

P̂ il � ïðèáë. F (S(T )) äëÿ îäíîãî âûáîðî÷íîãî ïóòè ñ øàãîì hl.
hl óìåíüøàåòñÿ ïðè óâåëè÷åíèè l � íîìåðà óðîâíÿ.
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Ìíîãîóðîâíåâûé ìåòîä Ìîíòå-Êàðëî

1 L = 0. Âûáèðàåì M, ε, Ñ , T.

2 Âû÷èñëèì ŶL è VL � âûáîðî÷íóþ äèñïåðñèþ ðàçíîñòè
ïðèáëèæåíèé ∆P̂ iL, èñïîëüçóÿ Ñ âûáîðî÷íûõ ïóòåé ñ
øàãîì ïî âðåìåíè hL = T/ML.

3 Îïðåäåëèì îïòèìàëüíîå êîëè÷åñòâî âûáîðî÷íûõ ïóòåé ïî

ôîðìóëå Nl = d2ε−2 2
√
Vlhl

∑L
j=0

2

√
h−1j Vje.

4 Ãåíåðèðóåì äîïîëíèòåëüíûå âûáîðî÷íûå ïóòè ñ òàêèì æå
øàãîì ïî âðåìåíè hL, åñëè Ñ ≤ Nl.

5 Íà÷èíàÿ ñ L = 2, ïðîâåðÿåì êðèòåðèé îñòàíîâêè:
max(M−1|ŶL−1|, ŶL) < ε

2√M−1 .

6 Åñëè êðèòåðèé íå âûïîëíåí � ïåðåõîäèì ê øàãó 2.

Âû÷èñëèòåëüíàÿ ñëîæíîñòü ìåòîäà èìååò ïîðÿäîê ε−2(logε)2.
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Ïðåäëîæåííàÿ ìîäèôèêàöèÿ

Âûáèðàåì è ôèêñèðóåì íåêîòîðîå K. Íàõîæäåíèå ∆P̂ il â
íåêîòîðûé ìîìåíò áóäåì ïðîèçâîäèòü ïðè èñïîëüçîâàíèè
ìåòîäà Ñêðåìáëèíãà ñëåäóþùèì îáðàçîì:

1 Ãåíåðèðóåì K âåêòîðîâ êâàçèñëó÷àéíûõ ÷èñåë Ñîáîëÿ
β̄kl, k = 1 . . .K â [0, 1]M

l
.

2 Ãåíåðèðóåì Nl âåêòîðîâ ñë. ÷. ᾱil, i = 1 . . . Nl, ð-òè M
l,

êàæäàÿ êîîðä. âåêòîðà ðàâíîìåðíî-ðàñïð. â [0, 1].

3 Ìåòîä ñêðåìáëèíãà: γ̄ikl = {ᾱil + β̄kl}.
4 Ðàçáèâàåì íà ãðóïïû ñ îäèíàêîâûì ïñåâäîñëó÷àéíûì
÷èñëîì è ñ÷èòàåì ñðåäíèå: ∆P̂ il = 1

K

∑K
k=1 ∆P̂ il (γ̄ikl).

Áóäåì ïðèìåíÿòü ñëåäóþùèé êðèòåðèé îñòàíîâêè ìåòîäà:
max(|ŶL + 3σL|, |ŶL − 3σL|) < (M−1)ε√

2
, ãäå σL � ñòàíäàðòíîå

îòêëîíåíèå ŶL. Îãðàíè÷èì L: L < 6, ÷òî ïîâëèÿåò òîëüêî íà
ñèñòåìàòè÷åñêóþ îøèáêó.

5/14 Èâàí Ñóâîðîâ, 422 ãðóïïà Ìíîãîóðîâíåâûé ìåòîä Ìîíòå-Êàðëî



Ìîäèôèêàöèÿ, ïðåäëîæåííàÿ Äæàéëñîì è Âîòåðõàóçîì

1 L = l := 0, Kl = 1, l = 0 . . . L.
2 Ãåíåðèðóåì Kl âåêòîðîâ ÷èñåë Ñîáîëÿ β̄kl, k = 1 . . .Kl â

[0, 1]M
l
.

3 Ãåíåðèðóåì N = 32 âåêòîðîâ ñë. ÷. ᾱil, i = 1 . . . N, ð-òè
M l, êàæäàÿ êîîðä. âåêòîðà ðàâíîìåðíî-ðàñïð. â [0, 1].

4 Ìåòîä ñêðåìáëèíãà: γ̄ikl = {ᾱil + β̄kl}.
5 Ðàçáèâàåì íà ãðóïïû ñ îäèíàêîâûì ïñåâäîñëó÷àéíûì
÷èñëîì è ñ÷èòàåì ñðåäíèå: ∆P̂ il = 1

Kl

∑Kl
k=1 ∆P̂ il (γ̄ikl).

6 Ïîëó÷àåì îöåíêó Vl êàê âûáîðî÷íóþ äèñïåðñèþ N = 32
îöåíîê ∆P̂ il .

7 Åñëè
∑L

l=0 Vl/N > ε2

2 , òî óäâàèâàåì Kl íà óðîâíå, íà

êîòîðîì Vl
2lKl

íàèáîëüøåå. Ïóñòü l ðàâíî íîìåðó ýòîãî
óðîâíÿ. Âîçâðàùàÿñü ê øàãó 2, ïåðåñ÷èòûâàåì Vl.

8 Åñëè L < 2 èëè êðèòåðèé îñòàíîâêè íå âûïîëíåí, òî
L = l := L+ 1 è ïåðåõîäèì ê øàãó 2.
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Âû÷èñëèòåëüíàÿ ñëîæíîñòü

Áóäåì îöåíèâàòü âû÷èñëèòåëüíóþ ñëîæíîñòü êàê îáùåå
êîëè÷åñòâî îáðàùåíèé ê äàò÷èêó ïñåâäîñëó÷àéíûõ ÷èñåë è
òàáëèöå êâàçèñëó÷àéíûõ ÷èñåë. Ïðè èñïîëüçîâàíèè
Ìíîãîóðîâíåâîãî ìåòîäà Ìîíòå-Êàðëî:

L∑
l=0

Nlhl.

Ïðè èñïîëüçîâàíèè ìîäèôèêàöèè Äæàéëñà, Âîòåðõàóçà:

L∑
l=0

NhlKl.

Ïðè èñïîëüçîâàíèè àâòîðñêîé ìîäèôèêàöèè:

L∑
l=0

NlhlK.
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Ìîäåëü Áëýêà-Øîóëçà

Ïðîèçâåäåíû ðàñ÷¼òû öåíû åâðîïåéñêîãî îïöèîíà ïîêóïêè â
ìîäåëè Áëýêà-Øîóëçà:

F ({St}0≤t≤T ) = e−rT max(ST −X, 0),

dS(t) = rS(t)dt+ σS(t)dWt,

ïðè
T = 1, M = 2, Ñ = 20, ε = 0.01, S0 = 100, r = 0.05, σ = 0.2
è ðàçíûõ çíà÷åíèÿõ öåíû èñïîëíåíèÿ X = {80, 100, 120}.
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Ìîäåëü ëîêàëüíûõ âîëàòèëüíîñòåé

Ïðîèçâåäåíû ðàñ÷¼òû öåíû åâðîïåéñêîãî îïöèîíà ïîêóïêè â
ìîäåëè ëîêàëüíûõ âîëàòèëüíîñòåé:

F ({St}0≤t≤T ) = e−rT max(ST −X, 0),

dS(t) = rS(t)dt+ σ(S(t))S(t)dWt.

ïðè T = 1, M = 2, Ñ = 20, ε = 0.01, S0 = 100, r = 0.05,

σ(S) =
0.9

0.08S + 1
+ 0.1

è ðàçíûõ çíà÷åíèÿõ öåíû èñïîëíåíèÿ X = {80, 100, 120}.
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Ìîäåëü ëîêàëüíûõ âîëàòèëüíîñòåé

σ(S) =
0.9

0.08S + 1
+ 0.1
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Ìîäåëü ëîêàëüíûõ âîëàòèëüíîñòåé. X = 80

l = 0 l = 1 l = 2 l = 3

K0 / N0 K1 / N1 K2 / N2 K3 / N3

Ñòàíäàðò 0 / 8485576 0 / 339417 0 / 171556 0 / 86291

Ñóâîðîâ 128 / 4932 128 / 341 128 / 187 128 / 126

Äæ.,Â. 8192 / 32 1024 / 32 512 / 32 512 / 32

l = 4 l = 5 Âû÷èñë. ñëîæ. Öåíà

K4 / N4 K5 / N5 N E(F (S̃))

0 / 45646 0 / 22725 11998498 24.74

128 / 67 128 / 39 1239168 24.74

256 / 32 128 / 32 786432 24.74
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Ìîäåëü ëîêàëüíûõ âîëàòèëüíîñòåé. X = 100

l = 0 l = 1 l = 2 l = 3

K0 / N0 K1 / N1 K2 / N2 K3 / N3

Ñòàíäàðò 0 / 4542304 0 / 189980 0 / 101016 0 / 50390

Ñóâîðîâ 256 / 1334 256 / 134 256 / 82 256 / 42

Äæ.,Â. 8192 / 32 1024 / 32 512 / 32 256 / 32

l = 4 l = 5 Âû÷èñë. ñëîæ. Öåíà

K4 / N4 K5 / N5 N E(F (S̃))

0 / 26058 0 / 13599 6563544 10.44

256 / 32 256 / 20 875008 10.46

256 / 32 128 / 32 720896 10.46
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Ìîäåëü ëîêàëüíûõ âîëàòèëüíîñòåé. X = 120

l = 0 l = 1 l = 2 l = 3

K0 / N0 K1 / N1 K2 / N2 K3 / N3

Ñòàíäàðò 0 / 1307492 0 / 102520 0 / 48469 0 / 16346

Ñóâîðîâ 256 / 644 256 / 69 256 / 49 256 / 33

Äæ.,Â. 8192 / 32 1024 / 32 512 / 32 256 / 32

l = 4 l = 5 Âû÷èñë. ñëîæ. Öåíà

K4/N4 K5/N5 N E(F (S̃))

0/10851 0/3386 2119143 2.98

256 / 22 256 / 20 736768 2.98

128 / 32 64 / 32 589824 2.98
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Çàêëþ÷åíèå

Ïðåäëîæåíà ñîáñòâåííàÿ ìîäèôèêàöèÿ Ìíîãîóðîâíåâîãî
ìåòîäà Ìîíòå-Êàðëî äëÿ ðåøåíèÿ ñòîõàñòè÷åñêèõ
äèôôåðåíöèàëüíûõ óðàâíåíèé, èñïîëüçóþùàÿ
ðàíäîìèçàöèþ êâàçèñëó÷àéíûõ ÷èñåë.

Ïðîâåäåíû ÷èñëåííûå ýêñïåðèìåíòû, ñ ïîìîùüþ êîòîðûõ
ïðîâåäåíî ñðàâíåíèå ñ èçâåñòíîé ìîäèôèêàöèåé Ì.
Äæàéëñà è Á. Âîòåðõàóçà.

Ïîëó÷åí ïðèáëèçèòåëüíî îäèíàêîâûé â ñìûñëå
âû÷èñëèòåëüíîé ñëîæíîñòè ðåçóëüòàò.

Ïðåäëîæåííàÿ ìîäèôèêàöèÿ ìîæåò áûòü ïîëåçíîé â
çàäà÷àõ, ãäå êîíñòðóêòèâíàÿ ðàçìåðíîñòü àëãîðèòìà
îãðàíè÷åíà.
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