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Ââåäåíèå

Ñïîñîáíîñòè (abilities) � ¾ñêðûòûå¿ êà÷åñòâà:

íå îïèñûâàþòñÿ îïðåäåëåííûì âèäîì äåÿòåëüíîñòè,

íå ïîääàþòñÿ íåïîñðåäñòâåííîìó èçìåðåíèþ.

Âîïðîñ: êàê îöåíèâàòü ñïîñîáíîñòè ëþäåé?

Ïðèìåð: òåñòèðîâàíèå ÑÏáÃÓ ïî àíãëèéñêîìó ÿçûêó.

Ïðîâåðÿåòñÿ çíàíèå ñòóäåíòîâ àíãëèéñêîãî ÿçûêà (óðîâåíü B2).

Ïîäõîä Item Response Theory (IRT):

ëþäè îòâå÷àþò íà âîïðîñû,

îòâåòû íà âîïðîñû ïîçâîëÿþò îöåíèòü ñïîñîáíîñòè.
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Âåðîÿòíîñòíàÿ ìîäåëü (Rasch, 1960)

Âåðîÿòíîñòíàÿ ìîäåëü (Rasch, 1960):

θ, β ∈ R θ � ñïîñîáíîñòü ÷åëîâåêà, β � ñëîæíîñòü âîïðîñà.

Áåðíóëëèåâñêàÿ ñ.â. ξ ∈ {0, 1} � îòâåò ÷åëîâåêà íà âîïðîñ.

Âåðîÿòíîñòü ïðàâèëüíîãî îòâåòà:

Pθ,β(ξ = 1) =
exp (θ − β)

1 + exp (θ − β)
.

n ÷åëîâåê è k âîïðîñîâ:

θ = (θ1, . . . , θn)
β = (β1, . . . , βk)

⇒ íåçàâèñèìàÿ âûáîðêà xij ∼ Pθi,βj
,

êîë-âî âîïðîñîâ k ôèêñèðîâàíî.
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Çàäà÷à îöåíèâàíèÿ ïàðàìåòðîâ â ðàìêàõ ìîäåëè Rasch

Ïðîáëåìà: ñ ðîñòîì îáúåìà âûáîðêè ïî n óâåëè÷èâàåòñÿ
êîëè÷åñòâî ïàðàìåòðîâ θi.

⇒ Ñòàíäàðòíûå ìåòîäû îöåíèâàíèÿ íåïðèìåíèìû.

Çàäà÷à: îöåíèòü βj ïðè ìåøàþùèõ ïàðàìåòðàõ θi.

Ìåòîä îöåíèâàíèÿ: Conditional Max. Likelihood (Andersen, 1972).

β̂CML ñòðîÿòñÿ áåç âû÷èñëåíèÿ îöåíîê ìåøàþùèõ ïàðàìåòðîâ θi.
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Îöåíèâàíèå ïàðàìåòðîâ ñëîæíîñòè. Ìåòîä CML

] n = 1.

Âûáîðêà: X = (x1, . . . , xk) ∈ {0, 1}k, r =
∑k
j=1 xj .

Ôóíêöèÿ ïðàâäîïîäîáèÿ:

L(X, θ,β) =
exp

(
−
∑k

j=1 βjxj
)

γr0(β)︸ ︷︷ ︸
L(X,β | r=r0)

·
exp

(
θ
∑k

j=1 xj
)
· γr0(β)∏k

j=1

(
1 + exp(θ − βj)

)︸ ︷︷ ︸
P(r=r0)

,

γr0(β) :=
∑
y|r0 exp

(
−
∑k
j=1 βjyj

)
, y ∈ {0, 1}k :

∑k
j=1 yj = r0.

CML-îöåíêà:

β̂CML(X1, . . . , Xn) = argmax
β

n∏
i=1

exp
(
−
∑k
j=1 βjxij

)
γri(β)

, ri =

k∑
j=1

xij .
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Ñâîéñòâà CML-îöåíîê

Óòâåðæäåíèå (J. Pfanzagl, 1993)

Äëÿ ëþáîãî íàáîðà θi, ò.÷. limn

∑n
i=1 exp(−θi) =∞, n→ +∞,

îöåíêè β̂CML ñîñòîÿòåëüíû.

Ìåòîä îöåíèâàíèÿ CML ïîçâîëÿåò ïîñòðîèòü îöåíêè, îáëàäàþùèå
õîðîøèìè ñòàòèñòè÷åñêèìè ñâîéñòâàìè.

Íåäîñòàòêè ìåòîäà CML:

ïðîáëåìà: òî÷êà ìàêñèìóìà íå åäèíñòâåííàÿ, ò. ê.

argmaxβ L(X,β − c | r) = argmaxβ L(X,β | r),
c = (c, . . . , c), c = const.

Äîñòàòî÷íî ] ëèíåéíîå îãðàíè÷åíèå:
∑k
j=1 βj = 0.

òðóäîåìêîñòü ðåàëèçàöèè.
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Òðóäíîñòè ðåàëèçàöèè ìåòîäà CML

Ïðîáëåìà: òðóäîåìêîñòü âû÷èñëåíèé çíà÷åíèé γr(β).

γr(β) :=
∑
y|r

exp
(
−

k∑
j=1

βjyj
)
, y ∈ {0, 1}k :

k∑
j=1

yj = r.

áîëüøîå ÷èñëî ñëàãàåìûõ: Crk,∏k
j=1 exp(−βjyj)� 1.

Ïðè ÷èñëåííîé ðåàëèçàöèè:

íàêîïëåíèå îøèáîê,

ýêñïîíåíöèàëüíàÿ òðóäîåìêîñòü.

Ðåøåíèå: ðåêóððåíòíûå ñîîòíîøåíèÿ (Andersen, 1972):

óìåíüøåíèå òðóäîåìêîñòè: C � O(k · r) ïðè 1 < r < k,

óìåíüøåíèå êîëè÷åñòâà âû÷èñëåíèé ⇒ ìåíüøàÿ ïîòåðÿ
òî÷íîñòè.
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Ðåçóëüòàòû: àëãîðèòì Àíäåðñåíà

Çàäà÷à: ðåàëèçàöèÿ ìåòîäà CML ñ èñïîëüçîâàíèåì ðåêóððåíòíûõ
ñîîòíîøåíèé (Andersen, 1972) + ïðîâåðêà ñâîéñòâ CML-îöåíîê.
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Çàâèñèìîñòü øèðèíû 95% äîâåðèòåëüíîãî

èíòåðâàëà äëÿ βj îò êîë-âà ÷åëîâåê n.

Óñëîâèÿ ýêñïåðèìåíòà:

ôèêñèðîâàííîå ÷èñëî âîïðîñîâ
k = 5,

ôèêñèðîâàííûå çíà÷åíèÿ
ïàðàìåòðîâ ñëîæíîñòè β1, . . . , β5,

θi ∼ N(0, 1).

Ïðîìîäåëèðîâàíà ïîâòîðíàÿ âûáîðêà
β̂j îáúåìà 100 ïðè óâåëè÷èâàþùåìñÿ
êîë-âå ÷åëîâåê n.

Ïîñòðîåíû 95% äîâåðèòåëüíûå
èíòåðâàëû äëÿ çíà÷åíèé βj .
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Ðàñøèðåíèå çàäà÷è

Ïðèìåð: òåñòèðîâàíèå ÑÏáÃÓ ïî àíãëèéñêîìó ÿçûêó:

íåñêîëüêî âàðèàíòîâ òåñòèðîâàíèÿ,

êàæäûé ñòóäåíò ïèøåò òîëüêî îäèí âàðèàíò.

⇒ Ðàçíûå ãðóïïû ñòóäåíòîâ ïèøóò ðàçíûå âàðèàíòû.

Âîïðîñ: êàê ñðàâíèâàòü ñëîæíîñòè ðàçíûõ âàðèàíòîâ òåñòèðîâàíèÿ?

Òðèâèàëüíûé ïîäõîä: ïîñòðîèòü îöåíêè îòäåëüíî äëÿ êàæäîãî
âàðèàíòà.
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Ðàñøèðåíèå çàäà÷è

Ïðîáëåìà: îöåíêè äëÿ ðàçíûõ âàðèàíòîâ íåñðàâíèìû ìåæäó ñîáîé.

β̂CML îïðåäåëÿëèñü îòíîñèòåëüíî, ñ òî÷íîñòüþ äî ñäâèãà íà const.

⇒ Ä+ëÿ îäíîçíà÷íîñòè β̂CML ââîäèëîñü óñëîâèå:
∑k
j=1 βj = 0.

Ïóñòü êîë-âî âîïðîñîâ k óâåëè÷èâàåòñÿ:

] âîïðîñû ñëîæíîñòè: β1, . . . , βk.

Äëÿ CML-îöåíîê âåðíî: β̂1 + . . .+ β̂k = 0.

] k + 1 âîïðîñ β1, . . . , βk, βk+1 ⇒ β̂1 + . . . β̂k + β̂k+1 = 0.

⇒ Íîâûå îöåíêè íå ñðàâíèòü ñ ïðåäûäóùèìè.

Ðåøåíèå: òåñòû ñ ¾îáùèìè¿ âîïðîñàìè:

òåñòû ðàññìàòðèâàþòñÿ êàê îäèí îáùèé òåñò,

¾îáùèå¿ âîïðîñû � âîïðîñû, íà êîòîðûå îòâå÷àëè âñå ãðóïïû
ñòóäåíòîâ.
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Îöåíèâàíèå ïàðàìåðîâ

Ìåòîä îöåíèâàíèÿ: ìåòîä CML â ñëó÷àå íåïîëíûõ äàííûõ

Âûáîðêà: X = (x1, . . . , xk), r(X) =
∑k
j=1 bjxj , n = 1 íàáëþäåíèå.

Èíäèêàòîð: bj =

{
1, åñëè ÷åëîâåê îòâå÷àë íà j-é âîïðîñ,

0, èíà÷å.

Ñîâìåñòíîå ïðàâäîïîäîáèå:

L(X, θ,β) =
exp

(
−
∑k
j=1 βjxjbj

)∑
y|r0

∏k
j=1 exp(−bjβjyj)︸ ︷︷ ︸

L(X,β | r=r0) íå çàâèñèò îò θ

·P(r = r0),

∑k
j=1 yjbj = r0,

yj ∈ {0, 1}.

CML-îöåíêà:

β̂CML = argmax
β

n∏
i=1

exp
(
−
∑k
j=1 βjxijbij

)∑
y|ri
∏k
j=1 exp(−bijβjyj)

.

Çàäà÷à: ýêñïåðèìåíòàëüíî èññëåäîâàòü ïîâåäåíèå β̂CML ïðè ðàçíûõ
n, k è ÷èñëå ¾îáùèõ¿ âîïðîñîâ.
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Èññëåäîâàíèå ñâîéñòâ CML-îöåíîê. 1 îáùèé âîïðîñ èç 9
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Çàâèñèìîñòü ñðåäíåêâàäðàòè÷íîãî

îòêëîíåíèÿ βj îò êîë-âà ÷åëîâåê n.

Îïèñàíèå óñëîâèé ýêñïåðèìåíòà:

äâà âàðèàíòà òåñòèðîâàíèÿ ïî
k1 = k2 = 5 âîïðîñîâ,

êîë-âî ¾îáùèõ¿ âîïðîñîâ k3 = 1 ,

êîë-âî òåñòèðóåìûõ n1 = n2,

⇒ ] îáùèé òåñò èç k = 9 âîïðîñîâ,

îáùåå êîë-âî òåñòèðóåìûõ n = n1 + n2,

θi ∼ N(0, 1),

çàôèêñèðîâàíû çíà÷åíèÿ ïàðàìåòðîâ
ñëîæíîñòè β1,. . . ,β9,

ïàðàìåòð ñëîæíîñòè ¾îáùåãî¿
âîïðîñà: β7,

ïîâòîðíàÿ âûáîðêà β̂j îáúåìà 100.
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Èññëåäîâàíèå ñâîéñòâ CML-îöåíîê. 3 îáùèõ âîïðîñà èç 9
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îò êîë-âà ÷åëîâåê n.

Îïèñàíèå óñëîâèé ýêñïåðèìåíòà:

äâà âàðèàíòà òåñòèðîâàíèÿ ïî
k1 = k2 = 6 âîïðîñîâ,

êîë-âî ¾îáùèõ¿ âîïðîñîâ k3 = 3 ,

êîë-âî òåñòèðóåìûõ n1 = n2,

⇒ ] îáùèé òåñò èç k = 9 âîïðîñîâ,

îáùåå êîë-âî òåñòèðóåìûõ n = n1 + n2,

θi ∼ N(0, 1),

çàôèêñèðîâàíû çíà÷åíèÿ ïàðàìåòðîâ
ñëîæíîñòè β1,. . . ,β9,

ïàðàìåòðû ñëîæíîñòåé ¾îáùèõ¿
âîïðîñîâ: β4, β5, β7,

ïîâòîðíàÿ âûáîðêà β̂j îáúåìà 100.
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Èññëåäîâàíèå ñâîéñòâ CML-îöåíîê. 3 îáùèõ âîïðîñà èç 9
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êîë-âà ÷åëîâåê n.

Îïèñàíèå óñëîâèé ýêñïåðèìåíòà:

äâà âàðèàíòà òåñòèðîâàíèÿ ïî
k1 = k2 = 6 âîïðîñîâ,

êîë-âî ¾îáùèõ¿ âîïðîñîâ k3 = 3 ,

êîë-âî òåñòèðóåìûõ n1 = n2,

⇒ ] îáùèé òåñò èç k = 9 âîïðîñîâ,

îáùåå êîë-âî òåñòèðóåìûõ n = n1 + n2,

θi ∼ N(0, 1),

çàôèêñèðîâàíû çíà÷åíèÿ ïàðàìåòðîâ
ñëîæíîñòè β1,. . . ,β9,

ïàðàìåòðû ñëîæíîñòåé ¾îáùèõ¿
âîïðîñîâ: β4, β5, β7,

ïîâòîðíàÿ âûáîðêà β̂j îáúåìà 100.
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Ðåçóëüòàòû

Ðåàëèçîâàí ìåòîä îöåíèâàíèÿ CML ñ âû÷èñëåíèåì ôóíêöèè
γr(β) ïî ðåêóððåíòíûì ñîîòíîøåíèÿì (Andersen, 1972).

Áûëî ïðîèçâåäåíî ìîäåëèðîâàíèå CML-îöåíîê è ïðîâåðåíû èõ
ñâîéñòâà.

Ðåàëèçîâàí ìåòîä îöåíèâàíèÿ CML äëÿ ñëó÷àÿ íåïîëíûõ
äàííûõ.

Íà ìîäåëüíûõ äàííûõ èññëåäîâàíî ïîâåäåíèå ïîñòðîåííûõ
îöåíîê äëÿ íåêîòîðûõ ÷àñòíûõ ñëó÷àåâ.
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